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1. Introduction
The idea that a gravitational system may posses far less degrees of freedom than
usualy expected for a field theory [1] has emerged yet again in the study of the large N
limit of certain conformal field theories (CFT). The blowing up of various near-horizon
supergravity solutions associated to various arrangements of N coincident branes of string
theory and M -theory suggests, in a certain limit, a correspondence between the brane
theories and various types of manifolds containing an Anti- de Sitter (AdS) space as well
as compact components and fluxes [2]. The geometry is smooth enough as long as N is
very large and the fixed value of λN is large enough. Where λ is the string coupling. It
is conjectured that such throat geometries encode in a manner a possible large N master
field for the associated CFT (see also [3] for early suggestions in this regard).
The simplest examples of the brane configurations involve N = 4 Super Yang–Mills
(SYM) in d = 4, from the D3-brane solution of IIB string theory, the six-dimensional
(2, 0) CFT from the M5-solution of eleven-dimensional supergravity, as well as the three-
dimensional CFT with SO(8) symmetry coming from theM2-solution, but other examples
with various dimensions, gauge groups and supersymmetries can be found in the literature.
In all known examples, both the AdS and compact manifolds have constant radius of
curvature, which we denote by b. It is related to the Planck length in terms of the number
N of branes used to define the CFT by:
b = c ℓP N
δ (1.1)
with δ positive: δ = 1/4, c = 1 for N = 4 SYM, δ = 1/3, c = 2π1/3 for the (2, 0) theory,
and δ = 1/6, c = (π/
√
2)1/3 for the M2 theory. The condition for a low energy description
of the geometry to be smooth involves b≫ ℓP , with ℓP the D-dimensional Planck length.
That leads to the large N limit N ≫ 1 of the CFT.
An algorithm for computing CFT observables in the supergravity framework was de-
veloped in [4] and [5] (see [6] for earlier work). Roughly speaking, the classical supergravity
action, as a function of boundary data at infinity, is a generating functional for correlators
of the CFT in the planar N =∞ limit.
Given that the supergravity or string theory of the near-horizon throat is eleven or
ten dimensional, this can be regarded as a rather explicit realization of the holographic
idea [1]: some of the dimensions are confined.
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In this note we discuss the mechanism by which the full ten or eleven dimensional
physics of the supegravity side would not be liberated and exposed in certain extreme
regimes. In particular, a physical characterization of the number of effective dimensions in
quantum field theory, is provided by the high-temperature asymptotics of the free energy.
For a field theory in d space-time dimensions, the large temperature asymptotics of the
free energy density is
F
TV
→ −n∗ T d−1, (1.2)
where n∗ is the effective number of degrees of freedom at high temperature. This estimate
is good as long as V T d−1 ≫ 1, so that finite-size effects are negligible, andM ≪ T ≪ ΛUV ,
where M is any characteristic scale of the theory, and ΛUV is the ultraviolet cut-off in the
case of an effective theory. A nice feature of (1.2) is its independence on the detailed short
distance structure of the theory, which affects only the vacuum energy, subtracted from
(1.2).
According to the CFT/AdS mapping, the free energy (1.2) would be computable in
a 1/N expansion, in terms of the thermal free energy in the supergravity background. In
principle, at sufficiently high temperatures, but still small compared to the Planck mass,
one might be able to uncover the full ten or eleven dimensionality of the supergravity
background. In Section 2 we discuss and review how this question is resolved in a rather
non-trivial way, to leading order. This occurs via an important refinement of the CFT/AdS
mapping, proposed in [5]. The refinement consists of allowing phase transitions in the
gravitational background, in particular gravitational collapse. To be more explicit, the
partition function of the boundary d-dimensional conformal theory is instructed to read
ZCFT =
∑
i
e−I(Xi) (1.3)
where Xi are the various manifolds whose boundary ∂Xi is the space-time manifold. some
of them will have holographic features. They have the form X = Ed+1 ×MD−d−1 with
Ed+1 an Einstein manifold of negative curvature and MD−d−1 a compact manifold which,
in the simplest cases of SCFT with 16 supercharges, is a sphere SD−d−1, threaded by a flux
of the associated brane field. Both factors, Ed+1 and MD−d−1, have comparable constant
radius of curvature, b. It is this property of the manifold MD−d−1 rather than its detailed
topology which counts for the high tempreture considerations studied in this note. The
quantity I(X) denotes the full effective action of the supergravity or string theory on X .
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Using known results from [7], one can see that thermal AdS space is unstable against
the formation of an AdS black hole at sufficiently high temperatures, and the classical
entropy of the AdS black hole ensures the correct scaling of the N = ∞ entropy of the
CFT. Quarks are deconfined at high temperature, the extra dimensions are not.
However the possibility of exposing the full D dimensions of the supergravity manifold
X reappears at the level of the one-loop thermal free energy, that is while calculating the
O(N0) free energy of the CFT from the supergravity side . That calculation amounts to
tracing over the perturbative excitations of supergravity in X . In a regular field theory
such a quantum calculation reveals the full space time dimensions of the manifold on which
the excitations propagate. In Section 3 we show that that would be the case also for the
vacuum AdS space but not for the black hole in AdS space. As determined already at
the classical level, it is the black hole configuration which dominates at high temperature,
allowing for the extra dimensions to be “confined” at all temperatures. We isolate that
piece of the X manifolds which can lead to this form of holography and find it behind the
horizon of the black hole. We conclude by indicating that the gauge systems at strong
coupling are censored from showing the Hagedorn transition, and we also speculate on the
string theory nature of the phase transition occuring in the supergravity picture, and that
holography is probably violated in any case for Dp-branes with p ≥ 52.
2. Classical Sugra, or Planar CFT
In this section, we review the realization of holography in the classical, or planar
approximation, as treated in [5] and [9].
At finite temperature, when the space manifold of the CFT is a sphere, ∂X =
S1β × Sd−1. There are two possible choices for the D-dimensional manifold, according
to [5]: X1 =
AdS+
d+1
Z
×MD−d−1 and X2 = AdSbh ×MD−d−1, i.e. a periodically identified
AdSd+1 or an AdSd+1 black hole times the compact space MD−d−1 which, for the simplest
maximally supersymmetric cases, is a sphere SD−d−1. The manifold X1 is given by the
metric
ds2(X1) = (1 + r
2/b2)dt2 +
dr2
1 + r2/b2
+ r2dΩ2d−1 + b
2ds2(M) (2.1)
2 While looking at a Paris mirror, we found [8], where some of the issues dealt with in this
paper, are also discussed.
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with topology S1×Rd×MD−d−1. The time coordinate is identified with period t ≡ t+β0.
The proper inverse temperature in the asymptotic, large r, limit is β(r) → β0r/b. The
radius of the asymptotic Sd−1 at the boundary goes like R(r) → r, so that the ratio of
spatial size and inverse temperature (the only relevant parameter for a CFT) is R/β →
b/β0.
The manifold X2 has the same large r asymptotics but a different global topology,
R2 × Sd−1 ×MD−d−1. The metric represents an AdS black hole with an outer horizon at
r0:
ds2(X2) = µ(r)dt
2 +
dr2
µ(r)
+ r2dΩ2d−1 + b
2ds2(M) , (2.2)
where
gtt = µ(r) =
r2
b2
+ 1− r
d−2
0
rd−2
(
r20
b2
+ 1
)
. (2.3)
Regularity at the horizon fixes the period of t to be
β0 =
4π2b2r0
r20d+ (d− 2)b2
. (2.4)
The maximum at r0 = b
√
1− 2/d marks the smallest black holes that can contribute to
the CFT thermodynamics. The minimum temperature required for it to exist is βmax(d) =
2π2b/
√
d(d− 2). In the rest of the paper, we will restrict ourselves to the case d > 2, where
the previous formulas make sense.
The classical action
Icℓ = − 1
16πGd+1
∫
X
(R+ Λ) , (2.5)
when evaluated on any of the manifolds Xi gives
3, using (1.1):
I(X)cℓ =
d
8πGd+1
Vol(Ed+1)
b2
=N δ(D−2)
2cD−2
(2π)D−3
|Ωd−1| |ΩM | β0
bd+1
(rdmax − rdmin) ,
(2.6)
where |Ωd−1| denotes the volume of the Sd−1 sphere, and |ΩM | = b1+d−DVol(M) stands for
the normalized volume of MD−d−1. When M is a sphere, we have |ΩM | = Vol(SD−d−1).
For β0 > βmax(d), only the manifold X1 exists, and thus its features will determine the
free energy and the entropy at these low temperatures. Classically, there is no obstruction
3 In our conventions 16πGD = (2π)
D−3
ℓ
D−2
P
.
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to locate the mininum radius of X1 at rmin = 0. As a result, the classical effective action
of X1 is proportional to β0, and therefore it is to be interpreted as a vacuum energy, which
does not contribute to the entropy. We conclude from here that the entropy in the low
temperature phase is subleading in the large N expansion.
At higher temperatures we must compare the actions of X1 and X2. The dominant
manifold in the ‘planar’ limit is obtained by comparing the volumes of X1 and X2, regu-
larized at a large radial distance rmax. In evaluating the volume of X2, one must account
for the fact that the boundary temperatures induced by X1 and X2 are slightly different.
For large R, one obtains
β′0R
d = β0R
d +
1
2
β0b
2rd−20 (1 + r
2
0/b
2) +O(R−d) , (2.7)
where β0 is the period of t in X1 and β
′
0 the period of t in X2. The “vacuum” contribution
of X2 is non trivial, and one finds
I(X2)cℓ = I(X1)cℓ +N
δ(D−2) c
D−2
(2π)D−3
|Ωd−1| |ΩM | b−d−1 β0(b2rd−20 − rd0) , (2.8)
leading to X1 domination when r0 < b (thus, there is actually a window where X2 exists
but does not dominate), and X2 domination when r0 > b. In particular, X2 dominates at
high temperatures, where r0 ∼ b2/β0, and β0 ≪ b. The resulting large N free energy at
high temperatures is given by
βF (β)planar = I(X2)cℓ − I(X1)cℓ = −N δ(D−2) Cd
(
R
β
)d−1
, (2.9)
where the d-dependent constant Cd is given by
Cd =
(
2π
d
)d
· c
D−2
(2π)D−d−3
· |Ωd−1| |ΩM | .
The corresponding energy is
E(X2)planar = βEvac +N
δ(D−2) (d− 1)CdRd−1 β−d, (2.10)
and the entropy
S(X2)planar = +N
δ(D−2) d · Cd
(
R
β
)d−1
(2.11)
or, in microcanonical form
S(X2)planar = N
δ(D−2)/d · d(d− 1) 1−dd · (Cd) 1d [(E −Evac)R]
d−1
d . (2.12)
It is important to realize that this formula applies with the subtracted energy only,
by the way in which it was derived via the canonical entropy. In the following, unless
otherwise stated, we shall always refer to the canonical entropy, expressed as a function of
the temperature which is the one with a transparent large N expansion, due to the fact
that the temperature is held fixed in the large N limit.
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3. One-loop Sugra, or 1/N CFT corrections
In this section we estimate the O(N0) correction to the CFT entropy, in the high
temperature limit. As stated in the introduction, this involves computing the one-loop
free energy of the supergravity or string theory based on the D-dimensional manifold X :
βF (β,X)toroidal = I(X)1−loop =
1
2
Tr log (I ′′)X , (3.1)
with (I ′′)X the complete fluctuation kernel of the theory around the manifold X , including
all fields and gauge fixing terms (in the full string theory, it is the torus free energy). It is
this contribution which could be suspect of probing the full D dimensions at sufficiently
high temperature.
Notice that this free energy has a multiplicity given by the number of species in the
supergravity background, but one of the successes of the proposal in [2] is precisely the
fact that such species multiplicity is of order O(1) in the large N limit. In other words, all
explicit dependence in N is contained in the geometry of X on the supergravity side.
The thermal entropy we would derive from (3.1) has a standard quantum mechanical
interpretation in the supergravity side, coming from tracing over physical states propa-
gating in the supergravity background. This is in sharp contrast with the planar entropy
computed in the previous section, which was classical or “topological” on the supergravity
side. In fact, the very ability to regard the “intrinsic” topological entropy of Hawking
and Gibbons [10], as a planar approximation to the standard thermal entropy of a say,
gauge theory, is what is meant by a “microscopic explanation” of the Beckenstein-Hawking
entropy.
For sufficiently high temperatures, we can use the WKB approximation to estimate
the one-loop partition function (3.1) for the supergravity case, as the integral over the
space-time manifold of the free energy density of the thermal gas. The free energy density
is approximated by the red-shifted flat energy density [11]:
βF (β)WKB =
∫
dDx
√
gf(x, βloc) , (3.2)
with the local red-shifted inverse temperature being βloc = β
√
g00. The flat space free
energy density for a field of mass m is
f(β,m)D = −ndof Γ(D/2)
Γ(D)πD/2
β−D
∫ ∞
βm
dz
(z2 − β2m2)D−12
ez − (−1)F . (3.3)
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The mass m could represent a global gap in the spectrum of the theory, for the excited
string states m ∼ 1/√α′ and for excited Kaluza-Klein states m ∼ 1/RKK . We denote by
ndof the number of degrees of freedom of the field.
The large mass asymptotics of the flat space free energy is of the form:
f(β,m)D ∼ −β−D(βm)
D−1
2 e−βm +O(e−2βm) . (3.4)
Therefore, in the case of Kaluza-Klein thresholds mloc ∼ 1/Rloc, whenever βlocmloc > 1,
the effective dimensionality over which the free energy is integrated drops by the number
of compact dimensions, up to the exponentially suppresed corrections above, of order
e−βloc/Rloc . What remains is the massless free energy now integrated over the dimensionally
reduced space.
βF (β)WKB =− n∗(deff) a(deff)
∫
ddeffx
√
g (β
√
g00)
−deff
=− n∗(deff) a(deff) β−deff V˜ol(Xeff) ,
(3.5)
where deff is the effective dimension. The constant a(d) = Γ(d/2)ζ(d)π
−d/2, and n∗ is
the effective number of degrees of freedom at high temperature. For nB (nF ) bosonic
(fermionic) degrees of freedom, it is given by
n∗(d) = nB +
(
1− 1
2d−1
)
nF .
We find it convenient to write the answer in terms of V˜ol(Xeff), the volume of Xeff in the
so-called optical metric (see for example [11])
g˜µν =
gµν
g00
. (3.6)
If we have several regions with different number of effective dimensions (depending on
the local value of the temperature), the general WKB expression of the free energy, up to
the large mass corrections above, and cross-over effects, is given by
βF (β)WKB ≃ −
∑
Xdi
n∗(di) a(di) β
−di V˜ol(Xdi) . (3.7)
There are two important comments regarding these estimates. The first is that the
flat space vacuum energy has been subtracted in the expression for the flat free energy
7
density (3.3) (that is why it comes out negative). This procedure is ambiguous in curved
space, because it is not clear how one should red-shift the vacuum energy. In principle,
each regularization prescription for the determinant, like the zeta function regularization
for example, could have a different subtraction procedure for the vacuum energy, i.e. renor-
malization of the cosmological constant. In the following we will just proceed with these
red-shift WKB estimates keeping in mind that only the free energy up to a term of the form
βΛvac is being computed. Fortunately, such terms, linearly dependent on β, are irrelevant
for the calculation of the entropy, as well as for determining perturbatively which of the
manifolds Xi dominates.
The second comment is that red-shift estimates fail near horizons, as the local temper-
ature diverges there. This divergence can be cut-off by means of a sort of “brick-wall”, as
in [12]. The divergent term can be absorbed into a renormalization of the Newton constant
[13]. For the purposes of our order of magnitude estimates, we will assume that a covariant
regularization procedure can be used, such as zeta function regularization of the determi-
nant in (3.1), and we determine the ultraviolet-finite part by dimensional arguments.
3.1. One-loop in X1
In order to estimate the WKB free energy along the lines of the previous section, we
consider the optical metric of the X1, or vacuum AdS space:
d˜s
2
(X1) = dt
2 +
dr2
(1 + r2/b2)2
+
r2
(1 + r2/b2)
dΩ2d−1 +
b2
(1 + r2/b2)
ds2(M) . (3.8)
The optical volume of the full X1 between rmin and rmax is
[
V˜ol(X1)
]zmax
zmin
= |Ωd−1| |ΩM | β0 bD−1
∫ zmax
zmin
dzzd−1
(1 + z2)
D
2
, (3.9)
with z = r/b, and the optical volume of the AdSd+1 piece is
[
V˜ol(AdSd+1)
]zmax
zmin
= |Ωd−1| β0 bd
∫ zmax
zmin
dzzd−1
(1 + z2)
d+1
2
. (3.10)
The local temperature is larger than the Kaluza-Klein threshold of the MD−d−1 when(
1 +
r2
b2
)
β20 < b
2. (3.11)
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At high temperatures, this is equivalent to r < b2/β0. This means that, for r > b
2/β0 the
effective dimensionality drops and we lose (do not excite) the compact MD−d−1 factor.
From (3.7):
I(X1)1−loop ≃− n∗(D) a(D) β−D0
[
V˜ol(X1)
]z=b/β0
z=0
− n∗(d+ 1) a(d+ 1) β−d−10
[
V˜ol(AdSd+1)
]z=∞
z=b/β0
∼
∼−
(
b
β0
)D−1
− C
(
b
β0
)d−1
∼ −
(
R
β
)D−1
.
(3.12)
A clear violation of holography!?. The high-temperature asymptotics is D-dimensional
instead of d-dimensional. The total high temperature entropy that one would derive from
this free energy takes the form
S(X1)toroidal ∼
(
R
β
)D−1
∼ [(E − Evac)R]
D−1
D , (3.13)
where the large N expansion of E − Evac would start without a term proportional to
N δ(D−2). The same form of the entropy was found in [14], by algebraic considerations
(perhaps subject to finite-size corrections).
On a closer examination of (3.12), we see that the asymptotic region, contributing the
optical volume of AdSd+1, scales holographically. The optical volume is finite at large r,
and thus Anti-de Sitter space is not extensive asymptotically. The reason why neither the
Kaluza-Klein modes of MD−d−1, nor the AdS modes at large radius are excited at high
CFT temperatures, is the arbitrarily large redshift of the local temperature at large r.
The non-holographic contribution comes here from the “inside” region: 0 < r < b2/β0.
In a pictorial way, inherited from the brane system that has been blown up, we can say
that holography is guaranteed “up the throat”, in what is interpreted as the ultraviolet
region of the CFT. On the other hand, Anti-de Sitter is not holographic “down the throat”,
towards the infrared of the gauge theory.
3.2. One-loop in X2
In estimating the one-loop free energy in the AdS black hole or X2 manifold, we split
it into two contributions:
I(X2)1−loop ≃ I(X2)horizon + I(X2)asymptotic (3.14)
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First, we estimate the contribution from the asymptotic AdS region. The radial
threshold for cutting off the Kaluza-Klein modes ofMD−d−1 is, according to (3.11), rcut ∼
b2/β0, but this is precisely of the order of the horizon radius rcut ∼ r0 at high temperatures.
The calculation is entirely analogous to that of X1, except for the crucial fact that the
“inside region” responsible for the extensive behaviour, is now missing from X2, cut-off by
the presence of the black hole horizon. Therefore, we estimate the free energy with just
the optical volume of AdSd+1
I(X2)asymptotic ≃− n∗(d+ 1) a(d+ 1) β−d−10
[
V˜ol(AdSd+1)
]z=∞
z=b/β0
∼−
(
b
β0
)d−1
∼ −
(
R
β
)d−1
.
(3.15)
A fully holographic result.
On the other hand, the first term in (3.14), Ihorizon, comes from the cap or near-
horizon region of the euclidean X2 manifold, i.e. we slice out the region r0 < r < αr0, with
α > 1 and of order one, chosen such that r > αr0 can be regarded as asymptotically AdS
with a good accuracy. The resulting manifold Xcap has topology Discα×Sd−1Hor ×MD−d−1.
Notice that this is not a cylindrical manifold, and therefore the one-loop effective action
on Xcap is just a vacuum energy in this space. We estimate its size as follows.
Consider the black hole metric in the r, t coordinates
ds2(r,t) = λ(r)dt
2 +
dr2
µ(r)
. (3.16)
At a regular horizon r = r0 we expand λ(r) ∼ λ′0(r − r0) and µ(r) ∼ µ′0(r − r0). Then,
defining the coordinate ρ = 2
√
(r − r0)/µ′0, and the angular variable θ = t
√
λ′0µ
′
0/2, we
have a copy of R2
ds2 = dρ2 + ρ2dθ2.
So, locally, the metric is of the form (flat Disc)×(round sphere), the round sphere being the
angles at the horizon. For the X2 manifold in our case λ(r) = µ(r) and λ
′
0 = r0d/b
2+(d−
2)/r0. In the regime of high temperature, we have r0 ∼ b2/β0 and λ′0 ∼ 1/β0. The radius
of the horizon disc, r = αr0, translates into the ρ coordinate radius ρα = 2
√
(α− 1)r0/λ′0
and it extends over an area
ρ2α ∼ b2.
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Since the size of the horizon sphere Sd−1Hor , given by r0 ∼ b2/β0, is much larger than the
size of the horizon disc or the compact MD−d−1 manifold, the ultraviolet-finite part of the
vacuum energy in Xcap can be estimated on dimensional grounds as
I(X2)horizon ∼ AH
bd−1
∼
(
b2
β0
)d−1
1
bd−1
∼
(
R
β
)d−1
. (3.17)
The correct dimensional dependence for a massless free energy in d dimensions.
3.3. Short distance effects
Ultraviolet divergences in the computation of (3.17) can be absorbed into a tower
of higher-dimensional counterterms, present at the cut-off scale since supergravity is an
effective low-energy theory. These higher derivative corrections to the low-energy effective
supergravity are understood in the case of a Type IIB string theory, D = 10, as the effect
of having integrated out the massive string states.
We will show that all the short-distance effects treated in terms of a low-energy expan-
sion, give contributions to the free energy proportional to the volume of Ed+1. Therefore,
following the arguments of the section 2 we find again that the high temperature asymp-
totics is d-dimensional, proportional to β1−d.
The required linear dependence with the volume of Ed+1 follows from the isometries
of X , as each derivative of the metric brings one power of 1/b. In the general case, the
contribution of an effective operator with 2n derivatives of the metric O2n ∼ ∂2n(g) ∼ Rn
is, when evaluated on the manifold X :
〈O2n〉X ∼
∫
X
O2n(X)
ℓD−2nP
∼ Vol(X)
b2nℓD−2nP
∼ N δ(D−2) Vol(Ed+1)
bd+1
·
(
1
N2δ
)n−1
. (3.18)
An important restriction is that, at least when the parent theory is D = 11 super-
gravity or D = 10 superstrings, the most relevant operators have dimension two (i.e. the
Ricci scalar in the Einstein-Hilbert action). In particular, there is no D-dimensional cos-
mological constant. This follows from the fact that particular examples of X are scaled
from the near horizon or throat region of supergravity solutions of branes, which indeed
have an asymptotic region approaching D-dimensional Minkowski space. Therefore, in
applications, the effective action is the one determined by the vacuum of the brane at
asymptotic infinity, and the leading operator is the Ricci tensor and others related by the
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D-dimensional equations of motion, i.e. we have not added a D-dimensional Planck-sized
cosmological constant to (2.5) (there is only one of order (Gd+1 · b2)−1. This justifies
the notation in (3.18) and implies that the leading large N asymptotics of the effective
action goes like N δ(D−2), while 1/N2δ is the expansion parameter. In general, this does
not correspond to a ’t Hooft-like expansion. For example, the six-dimensional (2, 0) theory
would have a 1/N2/3 expansion, with a leading “planar” term of order N3, unlike the ’t
Hooft expansion of a gauge theory, with a planar leading order ∼ N2 and an expansion
parameter 1/N2.
A ’t Hooft-like expansion arises when the supergravity description derives from weakly
coupled string theory. In this case D = 10 and the Planck scale is related to the string
scale
√
α′ via the dimensionless string coupling constant ℓP = λ
1/4
√
α′, with λ = eφ∞ .4
Now the low energy or α′ expansion is in powers of α′/b2, and the loop expansion in powers
of λ. An operator with 2n derivatives as before, generated at g loop order leads to
〈O(2n,g)〉X ∼
∫
X
λ2g−2
O2n(X)
(α′)5−n
∼ N2
(
(λN)2
N2
)g (
1√
λN
)n−1
Vol(Ed+1)
bd+1
. (3.19)
In the N = 4 SYM theory, the ’t Hooft limit holds g2YMN ∼ λN fixed, where g2YM ∼ λ
is the Yang–Mills coupling. Therefore, the loop expansion of the IIB theory leads to
the 1/N expansion in the gauge theory, while the α′ expansion corresponds to a strong-
coupling expansion of the gauge theory in powers of the inverse large N ’t Hooft coupling
1/
√
g2YMN ∼ 1/
√
λN ∼ α′/b2. D-instanton effects on the type IIB side scale like Yang–
Mills instantons on the CFT side, and are exponentially suppresed like e−N in the large
N limit [15].
A very interesting issue is whether string perturbation theory (i.e. the ‘t Hooft ex-
pansion of the CFT) could break down due to light states with support on the throat
geometry. Obvious candidates for this phenomenon are the thermal winding modes which
could signify a Hagedorn transition down the throat, when the local temperature reaches
the string scale. This condition defines a “Hagedorn radius” rh such that
β0
√
1 + r2h/b
2 ∼
√
α′ .
4 Notice that the vacuum expectation value of the dilaton is read at asymptotic infinity in the
Minkowski region. This is another manifestation of the rule stated before, that the effective action
is specified with respect to the asymptotically Minkowski vacuum far away from the brane.
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In terms of the physical temperature at the boundary, we see that we need extremely high
temperatures β ≪ R/(λN)1/4 in order to have important Hagedorn effects on a sizeable
portion of X1. One can check [16] that such effects never upset the dominance of the
smooth X2 manifold in the large temperature phase. In fact, as long as the bulk curvature
is small, i.e. λN ≫ 1, there is a thermodynamic “censorship” of Hagedorn effects. Such
censorship ceases to be effective at weak ‘t Hooft coupling λN < 1. In this regime, however,
the curvature is of order the string scale, and the whole holographic manifold X becomes
“small” in string units, in such a way that supergravity cannot be used to describe the
system.
4. Discussion
We have shown in this note how some D-dimensional AdSd+1×MD−d−1 spaces exhibit
aspects of a holographic behaviour, also at the quantum level from the supergravity point
of view. This was done by demonstrating that such systems give rise to a quantum entropy
of massless states propagating in d dimensions. This turned out to occur for the manifold
X2 and not for X1. The presense of the infrared cut-off (from the point of view of the
CFT on the boundary), imposed by the black hole in the supergravity master field, was
responsible for that feature.
Probing the system at high tempreture is a rather crude way of testing neccesary
conditions for holography. It would be useful if one could identify a-priori if a given string
background obeys the necessary condition for holography. A possible way to encode such
information would be in the value of the effective central charge of the theory , ceff . If
it would turn out correspond to the value d, it could be expected to be holographic. A
familiar example is [17] the Liouville model. In the presence of a linear term for the
Liouville field the central charge c can increase indefinetely, but the value of ceff retains
the value one, which is the value of c in the absence of the linear term. If for example the
manifold X1 would have ceff = 15 while the manifold X2 would have ceff = 6, then the
holography properites would be more clearly manifested. For this to occur the presense of
the black hole horizon should increase the weight of the ground-state appropriately. One
may envisage even that backgrounds appropriate for low temperature for which c = ceff
are dominated at high temperatures by manifolds for which c is larger than ceff . This
would endow holographic properties on the physics around general backgrounds. It may
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seem that in this case the value of the supergravity action allows one to choose among
two different allowed string backgrounds, a criteria for such a choice is absent from usual
string theory. One should recall however that [18] in gravitational systems it is ceff which is
reduced by the renormalization group flow. Such a flow could represent the phase transition
occuring in the supergravity picture in a string framework. It is however possible that the
appropriate mechanism in string theory is some non-perturbative tunneling effect, of order
e−N
2
.
A crucial ingredient of the holographic properties of Anti-de Sitter space is its non-
extensivity at infinity. In other words, the thermal ensemble behaves like in a finite volume,
the optical volume being actually finite. This means that the blown up theory at the throat
is properly decoupled from the bulk gravity degrees of freedom at the asymptotically flat
region of the brane solution, also to order O(N0) ∼ O(1) in the large N expansion. This is
a rather non-trivial property which is violated in some examples which satisfy perturbative
decoupling of gauge and gravity degrees of freedom.
Consider for example the non conformal Super Yang–Mills theories on the world-
volume of N Dp-branes. The blown-up throat at large radius [19] can be convenientely
cast in the form of an “adiabatic” product AdSp+2 × S8−p, with an r-dependent radius of
curvature br given by
b2r = r
p−3
2 b
7−p
2
with b ≡ √α′(λN) 17−p . The optical metric for this space at large r is
d˜s
2 → (dx‖)2p+1 +
b4r
r4
dr2 +
b4r
r2
dΩ28−p .
The optical volume is finite for p < 5, logarithmically divergent for p = 5, and power-
divergent for p > 5. The resulting free energy, calculated along the lines of (3.2) and
(3.7), scales like a massless free energy in p + 1 dimensions βF ∼ β−p, as long as p < 5.
However, it is dominated by ten-dimensional scaling βF ∼ β−9 for p ≥ 5. This happens
in spite of the fact that the asymptotic region up the throat is more smooth for larger p,
and it means that gauge/gravity decoupling might be violated at large g2YMN , even if it is
satisfied for small ‘t Hooft coupling. Our result means that the breakdown of holography
will be apparent at the level of 1/N2 corrections [16].
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